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Incompressible Navier-Stokes Equations
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The two-dimensional incompressible Navier-Stokes equations are solved in a time-accurate manner, using the
method of pseudocompressibility. Using this method, subiterations in pseudotime are required to satisfy the
continuity equation at each time step. An upwind differencing scheme, based on flux-difference splitting, is used
to compute the convective terms. The upwind differencing is biased, based on the sign of the local eigenvalue
of the Jacobian matrix of the convective fluxes. Both third-order and fifth-order differencing schemes are used
on the convective fluxes throughout the grid's interior. The equations are solved using an implicit line relaxation
scheme. This solution scheme is stable and is capable of running at large time steps in pseudo-time, leading to
fast convergence for each physical time step. A variety of computed results are presented to validate the present
scheme. Results for the flow over an oscillating plate are compared with the exact analytic solution, and good
agreement is seen. Excellent comparison is obtained between the computed solution and the analytical results for
inviscid channel flow with an oscillating back pressure. Flow solutions over a circular cylinder with vortex
shedding are also presented. Finally, the flow past an airfoil at —90° angle of attack is computed.

Introduction

TIME-ACCURATE solutions to the incompressible
Navier-Stokes equations are currently of interest in the

field of computational fluid dynamics (CFD). The primary
problem in obtaining time-accurate solutions to the incom-
pressible Navier-Stokes equations involves the difficulties of
coupling changes in the velocity field with changes in the
pressure field while satisfying the continuity equation. Since
the equations are elliptic in nature, they require that all distur-
bances propagate to all points in the flowfield in a single time
step. Thus, some type of iterative scheme is usually required to
solve the equations in time. The stream-function vorticity
formulation of the equations has been used often when only
two-dimensional (2-D) problems are of interest, but this has
no straightforward extension to three-dimensions (3-D). As
the goal of the current work involves developing a solution
methodology that can be used to compute complex unsteady
3-D incompressible flows, this paper will be limited to a dis-
cussion of methods using primitive variables.

Most methods using primitive variables can be classified
into three groups. The first of these, and historically one of
the most commonly used primitive variable schemes, is the
pressure Poisson method, as first introduced by Harlow and
Welch.1 In this method, the velocity field is advanced in time
using the momentum equations. Then a Poisson equation in
pressure, which is formed from the momentum equations, is
solved for the pressure at the current time level such that the
continuity equation will be satisfied at the next time level. In
this method, the velocity and pressure are indirectly coupled.
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The second group of methods can be classified as fractional
step methods. This idea was first introduced by Chorin,2 And
is characterized by first solving for an intermediate velocity
from the momentum equations, and then solving for a pres-
sure field that will map the intermediate velocity into a diver-
gent-free velocity. Computing the pressure field is usually
accomplished by solving a Poisson equation in pressure, which
can be very costly.

The third method is that of artificial compressibility. This
method was first introduced by Chorin3 for use in obtaining
steady-state solutions to the incompressible Navier-Stokes
equations, and has been used with much success by many
authors, (for example, Kwak et al.)4 Several authors have
recently used this method successfully in computing time-ac-
curate problems. Merkle and Athavale5 presented solutions
using this approach in 2-D generalized coordinates. Soh and
Goodrich6 also present solutions for a Cartesian mesh in 2-D.
In the artificial compressibility formulation, a pseudotime
derivative of pressure is added to the continuity equation,
which directly couples the pressure and velocity. The equa-
tions are advanced in physical time by iterating until a diver-
gent-free velocity field is obtained at the new physical time
level. Similarities exist between this formulation and the frac-
tional step method of Chorin,2 because his mapping of the
intermediate velocity field to a divergent-free velocity field is
based on the artificial compressibility approach. However, the
artificial compressibility method is different in that is affords
a direct coupling between the pressure and velocity as they are
advanced in time.

The goal of the current work is to develop a method to solve
the imcompressible Navier-Stokes equations in a time-accu-
rate and efficient manner so that it can be used in solving
complex 3-D problems is generalized coordinates, which may
require a large number (100,000 to 500,000) of grid points. In
an effort to do this, the 2-D Navier-Stokes equations in gener-
alized coordinates are studied to obtain a method that can be
extended to the desired goal of a 3-D flow solver. The recent
work toward this goal uses an artificial compressibility ap-
proach to solve the incompressible Navier-Stokes equations in
a time-accurate manner. This method was used to take advan-
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tage of some recent advances in the artificial compressibility
formulation, namely the use of flux-difference splitting to
upwind-difference the convective terms, as developed by
Rogers and Kwak7 and Hartwich and Hsu.8 A line-relaxation
scheme is used to solve the equations, which will provide the
stability to converge pseudotime iterations rapidly. This will
also help to ensure that the physical time-step size will be
bounded by the physical constraints of the problem and not by
the numerical stability.

In the following sections, details of the artificial compress-
ibility scheme are given. Once these equations have been estab-
lished, the details of their numerical solution are discussed,
including the use of flux-differencing splitting to compute the
convective terms, and the line relaxation used to solve the
equations in pseudotime. The computed results section pre-
sents results for the flow over an oscillating plate, the flow
through an inviscid channel with a time-varying back pressure,
the flow over a circular cylinder, and the flow over an airfoil
at — 90° angle of attack. This last problem is motivated by the
study of the downloads on the wing of the XV-15 Tilt Rotor
aircraft in hover.

Governing Equations
The governing equations for incompressible, constant den-

sity flow are written in conservative form, with the density
absorbed by the pressure term. Generalized coordinates are
used in the form

(la)

(Ib)

(2a)

resulting in the following system of equations:

where v is the kinematic viscosity. If an orthogonal grid is
assumed, then the viscous fluxes reduce to

(3c)

, = (3d)

In the preceding equations, the metrics of the transformation
have been represented by

and the velocity gradients in the viscous fluxes were written as

du

The time derivatives in the momentum equations are differ-
enced using a second-order three-point implicit formula

-2ft" + 0.5ft"-1

AT (4)

where the superscript n denotes the quantities at time t = n At
and r is the residual given in Eq. (2a). To solve Eq. (4) for a
divergence free velocity at the n + 1 time level, a pseudotime
level is introduced and is denoted by a superscript m. The
equations are iteratively solved such that un+l>m + l approaches
the new velocity un+l as the divergence of • f t n + i , / n + i ap_
preaches zero. To drive the divergence of this velocity to zero,
the following artificial compressibility relation is introduced:

A (U\ A [ Y.\- n+ (2b)

where r represents the right-hand side of the momentum equa-
tions, J is the Jacobian of the transformation, and

u = -

= J\
+ uV + IJ,M

t\yp + vV + r),v

(2c)

(2d)

(2e)

(2f)

7 + 1,/W + 1 (5)

where T denotes pseudotime and where j8 is an artificial com-
pressibility parameter. Applying an implicit Euler time differ-
encing to Eq. (5) and rewriting Eq. (4) with the pseudotime
superscripts gives

pn+\,i

dr

1 5un — 1 5ft"

_ pn + \,m + 1 _ 1. 5ft" - 2ft" + 0.5ft"
(6)

V = r?xu + (2g)

In deriving the viscous fluxes, constant viscosity was assumed
for simplicity and also because, initially, only laminar flow
calculations are being performed. This simplification is not
necessary and will be removed in the future. The viscous fluxes
are then given by

~ = _
V

J = V_

J

:;] (3a)

(3b)

where p = p/J. In this partially discretized form of the first
equation, |8 and AT are not independent. However, both of
them are kept separate at this point because in the final dis-
crete form, j8 will be independent of AT because of a nonlinear
coupling between the continuity equation and momentum
equations, due to the upwind differencing. This will be dis-
cussed further in the upwind-differencing section.

Combining these two equations into one system of equa-
tions in delta form gives

Itr(Dn +l>m+l -

~Kt (7)
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where

D=JD

dr,

E--J
+UU

+ uV + j]tu
+ V V + 7]fV

F v ~ 7J let

and where Itr is a diagonal matrix and Im is a modified identity
matrix given by

1 1.5 1.5

7w=diag[0, 1, 1]

Finally, the residual term at the m + 1 pseudotime level is
linearized, giving the following question in delta form

i + 1,/w + 1 _ pin + \,m\ _

2D" (8)

It is noted that the flux vectors £/ are the same as would be
obtained from a steady-state formulation of the artificial com-
pressiblity method, except for the presence of the time-varying
metric terms, which will only be nonzero for a mesh that
changes with time. Therefore, any differencing method that
works well for the steady-state formulation will be appropriate

mation given by the latter can become singular for certain
values of the metrics.

The generalized flux vector for the 2-D system of equations
is given by

kxp + uQ + ktu
kyp + vQ + ktv

(9)

where Ef = E,F for / = 1, 2, respectively, and the normalized
metrics are represented with

k — - -2ly~Jdy'

and the scaled contravariant velocity is

Q = kxu + kyv

The Jacobian matrices for this system are given by

+ 6 +
kxv kyv + Q + kt

(10)

A similarity transformation for the Jacobian matrix is intro-
duced

where

A/ = diag [Xi,X2,X3]

X, = G + kt

X2 = e + c + - kt

(Ha)

(lib)

(He)

1
" 2 ' (Hd)

and where c is the scaled artificial speed of sound given by

c=J(Q+-kt} +$(k2+k2) (12)A / V 2 /

The matrix of the right eigenvectors is given by

2(3c(c 2-

0 /3(c2

(u\2 + &k
(v\2 + &k2/3ck

for the current application. Although the use of upwind
schemes based on flux-difference splitting is more expensive
than the use of central differencing, the upwind schemes have
the advantage that they add dissipation to the system natu-
rally, whereas the central differencing requires the use of
artificial dissipation. For this reason, the current work uses a
flux-difference splitting scheme for the spatial discretization
of the convective terms in Eq. (8).

The eigensystem of the Jacobian matrix of the flux vectors
is required for the formation of the upwind differencing nu-
merical fluxes and so the 2-D eigensystem is presented here for
the current formulation. For the 3-D equations, see Rogers et
al.9 or Harwich and Hsu.8 It should be noted that the transfor-

(u\3 + (3kx)(c + Vikt)
(v\3 + &ky)(c + V2kt)

and its inverse is given by

kyu — kxv — v\i — (3ky

- X3 &kx

- X2 &kx (3ky

(13)

(14)

Upwind Differencing
Upwind differencing is used in the present scheme as a

means of following the propagation of the artificial waves
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introduced by the artificial compressibility. The upwind dif-
ferencing thus provides a dissipative scheme that automati-
cally suppresses any oscillations caused by the nonlinear con-
vective fluxes. In addition, the upwind-difference flux vector
will contribute to terms on the main diagonal of the Jacobian
of the residual, whereas a central-differenced flux vector
would not. This will help to make the implicit scheme nearly
diagonally dominant and contribute greatly to the robustness
of the code. Even though the upwind flux differences are more
costly to form, the speed up in convergence could result in a
significant savings in computing-time requirements.

The flux-difference split form of upwind differencing used
here is presented for a one-dimensional (1-D) system. In its
applications to multidimensional problems, it is applied to
each coordinate direction separately. The 1-D representation
of a hyperbolic system of equations in conservation law form
is given by

(15)

where q is the vector of dependent variables and / is the flux
vector. A semidiscrete approximation to this equation is given
by

where / is a numerical flux and j is a spatial index.
A flux resulting in a first-order scheme is defined by

[f(qj + i

(16)

(17)

where Af± is the flux across positive or negative traveling
waves. The flux difference is taken as

(18)

where A represents the Jacobian matrix df/dq. The A + and
A ~ matrices are computed first by forming a diagonal matrix
of the positive eigenvalues and multiplying through by the
similarity transform, and since the A + matrix plus the A ~
matrix equals the original Jacobian matrix, we have

A+ = XA

A'=A-A

(19a)

(19b)

where X is the matrix of right eigenvectors of A , X ~ l is its
inverese. The flux difference is evaluated at the midpoint by
using the average of q :

= Vi

The primary problem with using schemes of accuracy
greater than second order occurs at the boundaries. Large
stencils will require special treatment at the boundaries, and a
reduction of order is necessary; therefore, when going to a
higher order accurate scheme, compactness is desirable. Such
a scheme was used by Rai,10 using a fifth-order accurate
upwind-biased stencil. A fifth-order fully upwind difference
would require 11 points, but this upwind-biased scheme re-
quires only seven points. It is given by

+ — [ - 2Afj+_ 3/2 + 11 A/A 1/2 - 6A//+ 1/2 - 3A//+ 3/2]

+ — [2Afj~+ 5/2 - 11 Afj- 3/2 + 6A/, + ,/2 + 3Afj~ V2] (21)

At points adjacent to the boundary, the high-order stencils
cannot be maintained and the order of the scheme must be
reduced. However, it is not necessary to reduce the accuracy to
first-order. The following flux is used at points next to the
boundary:

(22)

For e = 0, this flux lead to a second-order central difference.
For e = 1 , this is the same as the first-order upwind difference
given by Eq. (17). By including the delta- flux terms with a
small value for the coefficient e, near second-order accuracy is
maintained and the added dissipation ensures that no oscilla-
tions occur at the boundary. This boundary treatment has
been found to work well for very small values of e. A value of
0.01 was used for all the results presented in this paper.

The right and left matrices given by Eqs. (13) and (14)
clearly show that the artificial compressibility parameter /3 will
affect not only the continuity equations, but the momentum
equations as well. An analysis for the Cartesian coordinate
case shows that the dissipation terms added to the momentum
equations will grow as the square root of /3. This indicates that
the value of /3 should be chosen with care when using the
upwind-differencing, as extremely large values could cause
large errors in the differencing of the momentum equations.

Implicit Scheme
This section describes the way in which Eq. (8) is numeri-

cally represented and solved. The first consideration is the
formation of the Jacobian matrix of the residual vector R
required for the implicit side of the equation. Applying the
semidiscrete formula given in Eq. (16) to the flux vectors, and
applying a second-order central difference formula to the
viscous terms, the residual at a discrete point x^ij is given by

The Aq term is given by \/2J -J-1/2J { Fjj+i/2-

A scheme of arbitrary order may be derived using these flux
differences. Implementation of higher order accurate schemes
on the right-hand side of the equations does not require signif-
icantly more computational time if the flux differences A/ ±

are all computed at once for a single line. A third-order
upwind flux is defined by

(20)

2Ar; (23)

where / and j are indices for the £ and 77 directions, respec-
tively. The generalized coordinates are chosen so that A£ and
AT? are equal to one. Applying the first-order upwind numeri-
cal flux in Eq. (17) gives

\/2j

where the flux differences are the same as in the first-order
difference given by Eq. (18). - (Ev)i+ lJ (24)
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The Jacobian matrix of the residual vector will form a
banded matrix of the form:

dR =

3D

0, . . ., 0,

" • " '
dR,j

lJ

dDu+l
(25)

The exact Jacobians of the flux differences, however, can be
very costly to form. Instead, approximate Jacobians of the
flux differences as derived and analyzed by both Barth11 and
Yee12 are used. These are given, as follows:

(26a)

ar>
 U ~ - ( - A-_ i j - A{L l/2J + A- l/2J) + (TI)/- i

dJL//; _ i 2

(26b)

(26c)

dDi+}J~2^'+l

ij+ 1/2) — (72)1 J+ 1

(26d)

(26e)

where the orthogonal mesh terms are retained for the implicit
viscous terms, giving

Ti =

where Im is a modified identity matrix with a zero in the first
diagonal entry.

The matrix equation is solved using a line-relaxation
method. The entire numerical matrix equation is formed from
values at the previous time level. Then the domain is swept in
one or both of the two coordinate directions, once forward
and once backward for each sweep. At each line perpendicular
to the sweep direction, a tridiagonal matrix is formed. For the
points not on this line, the implicit matrices are multiplied by
the latest known A£> vector, and the resulting vector is shifted
to the right-hand side of the equations.

Boundary Conditions
Implicit boundary conditions are used for all boundaries;

this helps make possible the use of large time steps. At a
no-slip surface, the velocity is specified to be zero, and the
pressure at the boundary is obtained by specifying the pressure
gradient normal to the wall to be zero. The boundary condi-
tions used for inflow and outflow regions are based on the
method of characteristics. The formulation of these boundary
conditions is similar to that given by Merkle and Tsai,13 but
the implementation is slightly different. The finite-speed

waves that arise with the use of artificial compressibility are
governed by the following:

dD
dr ''

dE dD

then

(27)

If one were to move the X ~l matrix inside the spatial and time
derivative, then it can be seen that this would be a system of
scalar equations, each of the form of a wave equation. The
sign of the eigenvalues in the A matrix determines the direction
of travel of the wave. For each positive (negative) eigenvalue,
there is a wave propagating information in the positive (nega-
tive) £ direction. The number of positive or negative eigenval-
ues determines the number of characteristic waves propagat-
ing information from the interior of the computational
domain to the boundary. Thus, at the boundary, we will use
these characteristics that bring information from the interior
as part of our boundary conditions. The rest of the informa-
tion should come from outside the computational domain,
and so we are free to specify some variables.

There will either be one or two characteristics traveling
toward the boundary from the interior, because there is always
at least one positive eigenvalue and one negative eigenvalue. In
order to select the proper characteristic waves, Eq. (27) is
multiplied by a diagonal selection matrix L, which has an
entry of one in the position of the eigenvalue we wish to select,
and zeros elsewhere. Thus,

(28)

Replacing the time derivative with an implicit Euler time step
gives

dD"
\ JAr f-) (Dn+l -Dn) = -LKX-

°s;
(29)

This gives either one or two relations, depending on the
number of nonzero elements in L. To complete the set of
equations, some variables must be specified to be constant.
Here is defined a vector ft of the variables to be held constant,
such that

(30)

Combining Eqs. (29) and (30) gives

-LAX~l 3D"
(3D

Equation (31) can be used to update the variables implicitly at
any of the inflow or outflow boundaries with the proper
choice of L and fi.

Inflow Boundary
At the inflow, there will be one characteristic wave traveling

out of the computational domain, since fluid is traveling into
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the domain. If the incoming fluid is traveling in the positive
direction, then

Q + 00

Q -c<0

This last eigenvalue will be the one we wish to select, and so L
will have a one for the third diagonal entry. If the incoming
fluid is traveling in the negative £ direction, then

Q + 00

and the second eigenvalue is the one corresponding to the
wave propagation out of the computational domain, requiring
a one in the second diagonal entry of L .

Two different sets of specified variables have been used
successfully for inflow boundaries. One set consists of the
total pressure and the crossflow velocity. This set is useful for
problems in which the inflow velocity profile is not known.
For this set, the U vector is

P + 1/2(U2 + V2)

0
V

ao
' dD~

1 u v
0 0 0
0 0 1

The second possible set of specified variables consists of the
velocity components. This is useful for problems in which a
specific velocity profile is desired at the inflow. The Q vector
for this is

3D

0 0 0
0 1 0
0 0 1

Outflow Boundary
At the outflow boundary there are two characteristic waves

traveling out of the computational domain, since fluid is also
leaving the domain. If the fluid is traveling along the positive
£ direction, then

G>o

Q + 00

Q -

and we require ones in the first two diagonal entries of the L
matrix. If the fluid is traveling in the negative £ direction, then

Q<0

6 +00

Q - c < 0

and we require ones in the first and third diagonal entries of
the L matrix.

For all of the test problems presented in this paper, static
pressure was specified at the outflow boundary, resulting in

an i o o
o o o
o o o

Computed Results
This section describes some computational results from the

current method for several test problems. The purpose of
these problems is to verify the time accuracy of the method
and determine the pseudotime convergence capability of the
code. In choosing the value for /3, numerical tests were done to
determine a value of /3 resulting in the best convergence. The
choice of the pseudotime step AT was taken to be very large for
all cases. This effectively reduced the I/AT term in the diago-
nal matrix in Eq. (8) to zero. However, since the upwind
differencing will result in terms on the diagonal in the Jacobian
of the residual vector, the system will not become singular.
In all cases, the time quantities given below refer to dimension-
less time.

All cases were run on a Cray 2 computer, which for the
present code runs at very nearly the same speed as a Cray
XMP-48. The computer time required to run this code aver-
aged 50 x 10 ~ 6 s per grid point per subiteration. For the
problems run here, on the order of 10 subiterations are re-
quired per time-step. This leads to a computing time of on the
order of 5 x 10 ~ 4 s/grid point/physical time step.

Oscillating Plate
As an initial test case, the flow on top of an oscillating plate

was calculated. This problem, also known as Stake's second
problem (see, for example, White14), was set up with thex-axis
along the plate, and thej^-axis normal to it. The velocity of the
plate is set to

"plate = "0 COSotf

The exact solution for this problem is given by

u(y,t) = u0 exp -yJ—

This is a 1-D problem in that there are no gradients in the
direction parallel to the plate and so only ?; gradient terms
were used. The mesh extended to a height where the exact
solution for the velocity is less than 5 x 10 ~ 4 u0 and consisted
of 50 points in the y- direction stretched such that the spacing
at the plate was 0.002 of the total height. The velocity u0 was
set to unity, the frequency was set to 2?r, and the square root
term was set to unity. Thus,

A/2» A " -"

The physical time step A/ was set to 0.01, the pseudotime step
AT was set to 1012. Since the vertical velocity component v is

3-

1-

-1.0 -0.5 0.5 1.00.
U/UO

Fig. 1 Velocity profiles for flow over an oscillating plate. Solid line:
computed solution; symbols: analytical solution; o: t = 8.25; A:
t = 8.5; +: f = 8.75; x: t=9.
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Fig. 2 Velocity for the flow through an in viscid channel with oscil-
lating back pressure. Solid line: computed solution; x: analytical
solution.

always zero, and there are no gradients in the x -direction, the
divergence of velocity is always zero, and, thus, only one
iteration is required to advance the equations one step in time.
In fact, after one iteration, the maximum value of the right-
hand side of Eq. (8) was reduced to 10 ~ 10.

The problem was run over nine full periods, after which
time the transient solution had died off and the solution was
fully periodic in time. In Fig. 1, velocity profiles at different
times during the cycle are plotted for both the computed
solution and the exact analytical solution. The computed solu-
tion is designated by the solid lines and the exact solution by
the symbols. The o corresponds to a time of 8.25, the A
corresponds to a time of 8.5, the + corresponds to a time of
8.75, and the x corresponds to a time of 9. Excellent compar-
ison is seen between the two.

One-Dimensional Channel
The flow through an inviscid 1-D channel with an oscillating

back pressure was calculated. This problem was also used by
Merkle and Athavale5 to verify their method. The present
work used the 2-D code by setting all gradients in the y -direc-
tion to zero and using an equally spaced grid of 21 points in
the .x- direction. At the inflow, constant total pressure was
specified, and the static pressure at the outflow was set to be

An exact analytical solution exists for this as long as the
magnitude of the back-pressure oscillation pe remains small
compared to the mean back pressure p0. For this problem, the
ratio of pe to pQ is taken to be 0. 1 . The flow was calculated for
a channel length of unity and a mean velocity of unity. In this
case the solution is given by

u(t)=l —
1+CO2

p(x,t)=pQ+pe sinco/

(sinotf — co cosut — we ~0

(x-l)
1+CO2

(cosco/ + co sinotf + e 0

(32a)

(32b)

Both the pressure and velocity have exponentially decaying
terms corresponding to the initial transient, as well as the
periodic sine and cosine terms. The velocity is a function of
time only, which is a direct effect of the incompressible conti-
nuity condition in a constant area duct.

-i.o
120

Fig. 3 Lift and drag coefficients vs time for flow over a circular
cylinder at a Reynolds number of 200.

The initial conditions for the problem were taken to be the
velocity and pressure, given by Eqs. (32) evaluated at t=Q.
The problem was calculated for six different frequencies,
ranging from 0.01 to 100.0. The physical time step was taken
so that 30 steps would be used for one period of the back-pres-
sure oscillations. Thus,

The artificial compressibility constant /3 was set to 10 and the
pseudotime step AT was set to 10. 12 Each subiteration in pseu-
dotime was converged until the maximum divergence of veloc-
ity at any point was less than 10 ~6 and the maximum element
of the right-hand side of Eqs. (8) was less than 10~6. This
required five to eight subiterations to obtain this convergence
for all cases calculated.

The velocity is plotted as a function of time in Fig. 2. Shown
are the computed values (solid line) and the exact values ( x
symbol) for a frequency of co= 10. The transient is seen to die
out after about five periods, after which simple harmonic
motion occurs. The results compare very well with each other,
except that the computed mean velocity for the periodic mo-
tion is equal to 1.00035, whereas the exact mean velocity is 1.
The values of the computed pressure are seen to be quite
accurate as well. The maximum error of the computed pres-
sure was measured for all cases run and was found to average
less than 10~4 which corresponds to an error of about 0.01
percent.

Circular Cylinder
The flow over a circular cylinder was computed in an effort

to induce vortex shedding in the wake. Computations were
carried out at two different Reynolds numbers of 105 and 200.
Reynolds number 200

The Reynolds number 200 case was run first and quantita-
tive measurements of the flowfield were taken. This case was
run using a 60x100 O-grid with points clustered near the
body, such that the spacing next to the surface was 0.0035
diameters. The outer boundary extended to 10 diameters from
the cylinder, a physical time step At of 0.025 was used, and the
artificial compressibility constant /5 was set to 2500. Both the
fifth- and third-order accurate convective flux differences
were used.

At each time step the subiterations were carried out until
both the maximum divergence of velocity at any point and the
maximum residual at any point was less than 10~4. During the
initial transient, 20 to 30 subiterations were required for each
time step, but this quickly decreased to an average of 5 subit-
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erations per time step. Once an asymmetric wake developed,
12 to 14 subiterations were required.

The flow was started impulsively from freestream condi-
tions and run until a periodic shedding of vortices occurred.
The vortex shedding developed without any type of artificial
disturbance. This is most probably due to the roundoff error
adding some very small asymmetric disturbances, which will
trigger the asymmetric motion. However, the fifth-order cal-
culations started to develop an asymmetric wake within a
nondimensional time of 50 and were completely periodic by a
time of 100, whereas the additional dissipation of the third-or-
der scheme delayed the formation of a completely periodic
solution until a nondimensional time of 180.

The lift and drag coefficients for the fifth-order calculations
are plotted vs time in Fig. 3. The time history for the third-or-
der calculations is quite similar to this plot; however, the
quantitative results do vary. This is shown in Table 1, where
the values of the lift and drag coefficients for the periodic state
are listed, as well as the Strouhal number. Also listed in this
table are the results from several other calculations by Rosen-
feld,15 Lecointe and Piquet,16 Martinez,17 Lin et al.,18 and
Thoman and Szewcyzk.19 Experimental results of Wille,20 Ko-
vasznay,21 and Roshko22 are included as well. A wide range of
values exists for these parameters. Values for the Strouhal
number near 0.19 appear to be quite consistent, and so the
Strouhal number of the present result for the third-order
differencing appears to be too low. The difference between the
third- and fifth-order schemes could be attributed to the dif-
ference in the amount of numerical dissipation, which is added
by each scheme.

In Fig. 4, the streamlines at various stages during one period
are plotted for the third-order calculations. The first plot
shows the flow when the drag is at a minimum and the lift is
zero. It can be seen that a new vortex is forming on the top
half, while the low-pressure center of the previous vortex has
pulled away from the body causing the drop in drag. The
second plot shows that the top vortex has now extended itself
across the entire back side of the body, causing this point in
time to have a maximum in drag and lift. The next two plots
correspond to another minimum in drag with zero lift, and a
maximum in drag with a minimum in lift, respectively. These
two are mirror images of the first two plots. Finally, the last
plot is nearly identical to the first one, and is only different
because it is taken at a time of 6 after the first plot, whereas
the actual period for this flow is 6.25. The main qualitative
flow features shown here are the same as are seen in the
fifth-order calculations.

Reynolds number 105
The code was next run for a circular cylinder at a Reynolds

number of 105 in an effort to see how well the Karman vortex
street is captured by the upwind differencing scheme. The grid
dimensions were increased to 120 by 240 points in the radial
and circumferential directions, respectively, and the outer

Table 1 Lift and drag coefficients and Strouhal numbers for circular
cylinder flow at Reynolds number 200

Present 3rd order
Present 5th order
Rosenfeld15

Lecointe and Piquet16

2nd order
4th order

Martinez17

Linet al.18

Thoman and Szewczyk19

Wille20 (exp)
Kovasznay21 (exp)
Roshko22 (exp)

CD
1.29 ±0.05
1.23 ±0.05
1.46 ±0.05

1.46 ±0.04
1.58 ±0.0035
1.27 ±0.0035
1.17
1.17 ±0.005
1.3

CL

±0.75
±0.65
±0.69

±0.70
±0.50

——

——

St
0.16
0.185
0.211

0.227
0.194

0.19
0.19

boundary was extended to 25 diameters away from the cylin-
der. A physical time step of 0.05 was used, and the value of j3
was set to 1100. The fifth-order convective flux differences
were used. In order to reduce the computing time required to
see the vortex shedding, an artifical velocity disturbance along
one side of the cylinder was added. The surface velocity on
one side was prescribed to be sinusoidal in time, with a nondi-
mensional frequency of 0.16 and a magnitude of one-quarter
of the freestream velocity. This triggered shedding right away,
and the disturbance was turned off after a nondimensional
time of 15.7, after which time the vortex shedding continued
and a completely periodic solution was obtained within several
cycles. With this finer grid, an average of 30 subiterations
were required at each time step.

Streaklines were computed for this periodic solution at a
nondimensional time of 58 and are shown in Fig. 5a. Below
this is Fig. 5b, an experimental picture of the same flow
conditions by Sadatoshi Taneda reproduced from Van Dyke.23

The streaklines in the experiment are shown by electrolytic
precipitation in water. The vortex structure is seen to be very
similar between the two.

Airfoil at — 90 Degrees Angle of Attack
The flow of the wake of a lifting rotor over the wing of the

XV-15 Tilt Rotor aircraft will degrade the lifting capability of
the aircraft in hover. The vertical drag thus created can cause
a penalty of 5-15% of the gross weight of the aircraft.24

Although the flow over such a configuration is largely 3-D,
some useful information about this phenomenon may be ob-
tained by studying the flow over a 2-D airfoil at - 90 degrees

t = 160

Fig. 4 Streamlines for flow over a circular cylinder at a Reynolds
number of 200 at various times during the vortex shedding cycle for
the third-order differencing scheme.

Fig. 5 Comparison between computational and experimental streak-
lines for the flow over a circular cylinder at a Reynolds number of 105.
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Fig. 6 Grid used in the computation of flow over an NACA
64A223M airfoil and -90 degrees angle of attack.

t = 41.0

t = 43.0

t - 48.0

Fig. 8 Streamlines of flow over an airfoil at —90 degrees angle of
attack and a Reynolds number of 200 for various times during the
vortex shedding cycle.

2.0

1.0
100

Fig. 7 Coefficient of drag vs time for the flow over an airfoil at —90
degrees of attack and a Reynolds number of 200.

angle of attack. The current code was used to perform such a
calculation over an NACA 64A223M airfoil. A 53 x 101 O-
grid was generated, using the hyperbolic grid generation
method of Cordova and Barth.25 The spacing next to the
airfoil was 10~3 chord lengths, and the outer boundary ex-
tends to 7 chords away from the airfoil. Figure 6 shows the
near-field region of this grid. The physical time step At was set
to 0.025 and the time step in pseudotime was set to 1012. The
fifth-order scheme was used for the upwind-difference fluxes,
and the artificial compressibility constant ft was set to 2200.
The number of subiterations required at each time step varied
between 15 and 20 during the course of the computation.

The time history of the drag coefficient is plotted in Fig. 7.
This shows that the flow entered into a periodic shedding cycle
a short time after the start of the freestream conditions. The
curve shows that the drag coefficient has two separate maxi-
mum at alternate cycles. This is easily understood by examin-
ing streamlines shown in Fig. 8. In the first of these plots, the
low pressure core of the fully developed vortex has pulled
away approximately one chord from the body, causing the
drag to be at a minimum. The next vortex which forms at the
trailing edge is fully developed in the next plot, and the drag is
at is largest maximum. In the next two plots, the trailing edge

vortex pulls off the body, first causing the smaller of the two
drag maximum. The last plot completes the period and is seen
to be identical to the first set of streamlines.

Conclusions
The method of artificial compressibility has afforded a di-

rect coupling between velocity and pressure, requiring the
convergence of a hyperbolic system of equations to advance
the variables in physical time. Since the system of equations is
hyperbolic, upwind differencing based on flux-difference
splitting can be used to provide highly accurate, smooth solu-
tions. The use of an implicit line-relaxation scheme provides
the means by which the system can be advanced in physical
time, using a fairly small number of subiterations. Implicit,
nonreflective boundary conditions based on the method of
characteristics have been developed, and allow the placement
of the boundary to be relatively close to the body. The time-
accurate scheme has been verified with several computations,
ranging from very simple flows, where the computations
agreed well with the known analytical solutions, to the more
complex flows involving vortex shedding, where successful
comparison between experimental data and other computa-
tional data was made.

It is thought that if an optimum ft can be found, the subiter-
ation convergence can be improved, leading to an efficient
solution method that can be extended to large 3-D problems.
A stability analysis of the system may help in setting guidelines
for the choice of the optimum ft. In addition, further work
needs to be done to determine how the accuracy is affected by
the order of the convergence during the subiteration cycle at
every time step.
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